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Magnetic exchange interac~o~ in various materials have been of interest 
to physicists and mathematicians for some considerable timez-*, though this 
interest has been con~u~ated on lattice (intermo~ec~~) fe~oma~et~sm and 
~tife~o~a~e~srn’ -‘4. The chemical hterature has only very recently embraced 
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this field, but from the exponential increase of relevant publications there IS no 
doubt that the concept of exchange has tied the imaginatron of physrcal and 
inorganic chemists L5-17. However, the chemist is mamly interested in discrete 
(mtramolecular) antiferromagnetic interactions, for the excellent reasons that this 
is by far the commonest type of interaction in chemical compounds, and that 
the concept is easier to understand than mtermolecular mreractions. Even this 
concept was pioneered by physicists, but it attracted little immediate attentron’s. 
The ultimate interest appears to have been stimulated essentmlly by the explanation 
of the anomalous magnetic properties of copper(H) acetate” in terms of exchange 
interactions resultmg from a bmuclear structure which was subsequently venfied2 ‘. 

There appears to be no limit to the number and difTerent types of multinucIear 
metal complexes suitable to magnetic exchange interactions that can be prepared. 

Some of the concepts of discrete magnetuz interactions sUll appear to be 
little understood. Moreover, the existing theory can no longer describe all the 
cases known at present, nor can it be applied to a truly general case. Another 
problem, that has so far been overcome by ignoring it, is what to do about orbital 
contribution, which is normally considered in detail in theoretical caIcuIations of 
magnetic properties’6*21*22. It h appens that the magnetic properties of discrete 
antiferromagnets can usually be explained in terms of spin contributions only, 
ignoring orbital contributions (or equating orbital contrrbution to a constant 
factor), but this has never been justified. 

It is the aim of this review to generahse the theory of exchange mteractions 
in discrete clusters of pammagnetic atoms, to mdrcate the extent of apphcabrlity 
and the limitations of the theory, and to examme the approximations commonly 
made in exchange systems, justifymg them when they are valid, and indicating 
when they are not No attempt will be made at a comprehensive review of the 
literature, which is too mmrense ever to be reviewed completely_ Instead, examples 
will merely be drawn from the literature where they seem appropriate to the 
discussion. 

B. THE IiEA OF EXCHANGE 

For completeness, we must say what we mean by exchange, but as the 
subject has already been covered extensively’ -’ ‘J ‘, no detailed discussion will 
be entered into. Fernu-Dnac statistics reqmres that electron wave-functions be 
antrsymmetrical with respect to exchange of electrons. Thus if a wavefunction for 
two eIectrons 1 and 2 is divided into a product of orbital and spin parts cp(l,2) - 
(p,(1,2), one, but not both of p and cps must be antisymmetric. Electrostatic inter- 
action, 2 between the electrons mvolves only 9 and results in matrix elements 

K = <4(L 2) I ai@ I 4(L a> = <m 1) I x I do, l)> 
(direct, or couiomb integral) 
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and 

J = <d(L 2) Is I 4(2> 1)) = <W, 1) I* I W, 2)> 
(exchange integral) 

where cp(l,2) and (~(2, 1) represent the same orbital wavefunction, but with 
the electrons Interchanged. Dlagonalisatlon of this matrix leads to the symmetrical 
wavefunction 

G/i -Jz 
- L C40(1,2)+ 40(2, 1)l 

with eigenvalue K+ J and the antisymmetrical wavefunction 

$2 = Jz _A c4G 2)- (P(2, 1)I 

with eigenvalue K-J. For the two electrons, the total spm S is 1 or 0; S = 1 
corresponds to an antisymmetric cps, and S = 0 to a symmetric cps. Thus $1 and 
fi2 are associated with S = 1 and S = 0 respectively. Clearly the exchange inter- 
actron is not an interaction in the true sense, but it enables us to determme which 
wavefunctions and eigenvalues are allowed, given the electron spm. Exchange 
interactlon is purely a consequence of quantisation, and varnshes (like the electron 
spin Itself) m the passage to the limit of classical mechanics. The elgenvalues 
K + J, can be expressed in terms of the electron spins, via the relation 

2s, - s, = (s)2-(s1)2-(s2)2, 01 = s2 = 3) 

= S(S+l)-ssl(sI+l)-ss2(s2+1) = -3 if S = 0, -jifS = 1 

Thus the elgenvalues are given by K-_J-2J s, - s,. The energy ongin may be 
shifted to remove the constant terms K-$J, leavmg an effective spin-spin coupling 
“Helsenberg” operator, ~5’ = -2Js, - s,, which may now be used in the same 
manner as 2 - s IS used in the calculation of spin-orbit coupling, ZI - I, in NMR, 
Z - s in ESR, and so forth. The argument may be extended to exchange between 
two paramagnetic atoms with quantised total spins S,, S,, which may have values 
greater than 3. 

From the Heisenberg operator we may obtain energy levels in which electrons 
are paired and unpaired to various extents and the calculation may be visualised 
as a way of obtainmg high spin and low spin states in a group of metal atoms 
rather than just one. The exchange integral J is then roughly analogous to the 
ligand field strength A normally defined in transltion metal complexes. 

C. EXTENSION OF HEISENBERG’S THEORY OF FERROMAGNETISM 

The Hamiltonian appropriate to Heisenberg’s theory of ferromagnetism is 

G%? = -w&-s, (1) 

Coordin. Chem Rev, 5 (1970) 313-347 
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The pair-wise spin-spin coupling IS considered between nearest neighbours only, 
and the summation is taken over the entire lattice. In a lattxce ferromaguet, each 
individual spin couples with the magnetic field produced (the magnetisation) by 
the net alxgmuent of other spurs in the lattice, as well as with any applied magnetic 
field. The same arguments apply to Iattrce antrferromagnets. The detailed theory 
for such exchange interactions in various types of lattice IS quite complicated, 
but is usually not relevant to the magnetic behavrour of transition metal complexes, 
since in most complexes organic hgands separating the metal atoms prevent the 
formation of a lattice of closely lmked paramagnetic atoms. 

One type of lattice exchange interaction that does apply to some transition 
metal complexes, is the Ismg model which descrrbes interactions between an 
infinite linear charn of neighbourmg paramagnetic atoms lf s = $ for each 
member of the chain, the Tsmg model yields expressions for the magnetic suscep- 
tibihties parallel (xl,) and perpendicular (XL) to the magnetic field direction, 
which reduce to 

XII 

XL = NG [t: n hKt_K sech’K], K =s 

(2) 

Most experimental measurements are made on powdered sample, in which only 
the average sus~eptib~i~ XIIA: IS determined and the theoretical value of x5f zs grven 
by Eqn, ?23 obtained by summing 2 and 3 over a11 orientations 

KM = 3x11 f3X-L 
or 

N12B2 e4g-t-(2+K-‘) e2K-K-’ e-2RCS 
XM =SF e2Kfe-2R+2 (4) 

The Ising mode1 should apply fairly well to any system whtch can be vrsualised 
as a lmear cham of mteracting paramagnetic atoms, and comparison of observed 
magnetic properties with Eqn 4 can help to elucidate the structure of an unknown 
compound _ 23-26 Eqn. 4 or rts equivalent has been successfully applied to oxo- 
v~a~urn(~ acetate and analogous polymeric vanadyl alkanoates24P to copper- 
(II) chloride and methoxrde2’, and IS probably also applicable to copper(IQ 
ox&ate2 7*28. 

When the Parr-wise iateractrons m linear chants are assumed to be of the 
isotroprc “Heisenberg” type, Eqn. 1, mstead of the auisotropic Ising type, the 
treatment becomes more Involved and exact soluttons can be obtained only in 
the classical limit, S -+ 0(3~~. In reality, the coupling IS expected to be somewhere 
between complete amsotropy and xsotropy, and the theoretical treatment has been 
extended to include such situations, using the “intermediate” Hamdtonian2g 

Sfe== -2~~[ys~~s,-t-(l-y)s,s,,1 (9 
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which reduces to the Isiug case when y = 0 and the Hersenberg case when y = 1. 
For powder samples of the type drscussed above23‘-28 the difference between the 
two types of couplings becomes important only at very iow temperatures, so that 
no choice between the two models can or need as yet be made, and Eqn. 4 remains 
adequate for the higher temperature range normally of interest to inorganic 

chemrsts. In one particular case, a detailed single crystal magnetic susceptibihty 
study has been made at Iow temperatures: CsMnC13 - 2&O, containing reIatively 
isolated chains of manganese atoms 3o. It was found that the susceptibility can 
be described quite well from 77 to 5 “K using Heisenberg coupling, with minor 
deviations at hydrogen temperatures attributed ma&y to single-ion effects. Below 
5 “K, mterchain interactions are also evident, causing some long-range antr- 
ferromagnetic ordering, and at 0.35 “K, an as yet unexplained anomalous temper- 
ature dependence is seen. The Ising and Heisenberg models can also be applied 
to two- and three-dimeusronally infinite systems though these are not usually of 
interest to chemists11*12g23*2g*3i. I n powdered mfimte antiferromagnetic systems 
both models predict the commonly observed residual zero temperature magnetism, 
so that it is not always possible to distinguish experimentally between the two 
models. For fluite systems, only the Heisenberg mode1 predicts the zero tempera- 
ture fall off to zero maguetism observed in many such systems. 

By far the commonest type of exchange interactrons observed in inorganic 
complexes involves small clusters of R paramaguettc atoms separated from one 
another by diamagnetic organic ligands, and Eqn. 1 becomes 

~= -2 ~ Ji,S,-Si 
j>L=i 

(6) 

where Jii is the exchange integral between the ith andj”” atoms, with spins S, and 
S,. Under certain conditions, which wdl be elaborated in Section E, we may 
write down the eigenvaIues of (6) using the vector model 

where S, = &-i-S,. This procedure was adopted by Kambe” who first treated 
antiferromagnetic interactions m discrete trmuclear complexes. 

D. LOGICAL EXTENSION OF WE’S APPROACH 

(i) Kambe’s calculation 

Subs~tution of the vector model (7) into Eqn_ 6 for the case where n = 3 

and two of the JIJ are equal <.rZZ = J2 3 = J = (Jx&c)) leads to the eigenvalue 

equation 

Coordrn Chem Rev , 5 (1970) 313-347 



318 E. SINN 

E(S,) = -J[S&+f- l)-(l-a)S*(S*+ l)-(1+2cr)S(S+l)] (8) 

where S, = s, = ss = s, s* =s,+s, s, = S, + S, + &. The allowed 
values of S* and S, are grven by 

S* = &-t&, S,+S,-1, . 1 s1-s, 1 = 2S, 2s-1,. . -0 
s, = s*+s,s*+s--&...p3*-s~ (9) 

A value of I?(&.) occurs for each allowed value of S, (i.e. for each pair of values 
of Sr and S* in this case). The magnettc susceptibility of the system can now be 
calculated. 

(Ii) General calculation of magnetic susceptibdity 

The effect of an applied magnetrc field H IS represented by addmg a term 
gj?H * 23, to Hamiltonian (6), where g and /? are the Land6 splittmg factor and 
the Bohr magneton respectively. Wrthout loss of generahty we can define the 
z-axis along the directron of H. Then @I’)= = H, H, = HY = 0, and our extra 
term becomes gpHS,. Tbrs splits each of the eigenvalues in (8) into 2S,+ 1 levels 
and leads to the eigenvalue equation 

G = E(Sr) +gBHK, 

Thus 1s shown schematically m Fig. 1 for the case S 

(10) 
= t-s 

0 

/ 
r (2) ‘1 \ 

/’ ‘\ 

i 
‘\ ‘hJa ___ 

‘-Z_ -- 
I’ ST = ‘I2 

i,_“J :; 
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_*-=: 
-.- 
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Fig. 1 Energy levels gwen by Eqn 10 for a cluster of three interactmg paramagnetlc atoms, 
with one unpiured electron For level (I) J = 0, N = 0, for the other levels the interaction IS 
antlferromagnet:c J < 0 For (u) a = 1, H = 0 For (III) cc = 0, H = 0 For (IV) 0 < a < 1. 
W-0 For(v)O<acl,W>O 

The magnettc suscepttbrhty per mole of complex, xar is now obtained by 
assuming a Boltzmann distribution of molecules over the various levels E, 
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where p is the total number of eigenvalues J!& (Eqn. 10). Since gj?H < kT in the 
temperature range of interest [gj3H - 1 cm-l for magnetrc fields (- 10 kG) 
normally accessible tn laboratories, and kT-0.7 Tcm- ‘3, we may to good approx- 
imation srmplify Eqn. 11 to 

NgzB2 & S,(S, -I- 1) (2S, + I) eP(ST)~kT 
T -- 

&f - ?k. 
2 (2S, -t- 1) e-E(Sr”kT 

where the summation is over all the allowed values of S,. The generality of Eqrr. 
12 may be tested by inserting in it the simple “spm-only” case where no exchange 
mteractions occur, so that Sr = S* = S, J = 0 and hence I?(&) = 0, reducing 
the equation to the Curre law, xnr = Ng2j$2S(St 1)/3kT. (Here we have used 
EMS2 = @(S+ 1) (2S+ l), CM, = 0 and 2Zi = 2S-f- 1, where the summatron is 
over all A&). 

KambeL8 obtamed good agreement between theoretic& and experimentai 
xM values by assuming equal strengths of Interactron between each pan of para- 
maguetic atoms(all JiJ =~l~thetrinu~learcomplexes~(H2G -M),O -(R *COO&Jf- 
where M = Fe”’ or Cr’u and R- COOH is an alkanorc acid32*33. Thus substitution 
ofcc = I and the appropriate values of S*, S&S* = 3; S, = $, $, 3, 3. 2; s,%, 
Q, +. 1; 3, +, 3.0; 2) m Eqn. 8 yrelds the I&S,) values for the trinuclear chromium 
complexes, and substitution of the E(S,) and Sr values into Eqn. 12 reproduces 
Kambe’s equation for these complexes lg The equation for trmuclear iron@lT)’ 8y34 . 
is obtamed sundarly from Eqn. 8 and Eqn 12. Kambe’s hypothesis was confirmed 
by subsequent X-ray work35 whxch showed the metal atoms to be grouped m 
equivalent positions about a central oxygen atom and bndged by pairs of alkanoate 
groups. Later magnetic studies3 5 -43 confirmed the interpretanon as well as the 
original results with only minor modrficatrons. J IS about IO cm- ’ and 30 cm- ’ 
for the chromxum and Iron complexes respecttvely. 

Recently various extensions of Kambe’s theory have been used in specific 
cases17*44-53, and a treatment of the general case has been givenS’-s3. The 
latter treatment wrll be followed here. 

Hamiltonian (6) 1s readdy expanded into the form 

(13) 

Usmg the relation 

Coordm Cheat. Rerr ,5 (1970) 313-347 
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and Eqn. 8 in Hamiltonian (13), we obtain the elgenvaiue equation 

E(S,) = - J ;T; 1 (J,,-Jin) ~S,(S,,+l)-S,(S,+l)-S,(S,+l)l 

- ;$; (Jm-Jx3 CS~(s,+l)-SS,(S,~l)-sS,(s~~l)] 

-JeG%C%fl)+J~,, 2 S,(S,+f) (14) 
t=l 

In real situations, suitabie sJmph&atJons of th, problem can often be made 
from symmetry considerations in order to reduce Eqn. 14 to an unambxguous 
and simple expression, from which the energy values available to the system and 
hence the magnetic susceptlblhty are readdy obtained 

Thus, when n = 2 

E(W = -Ji2CST(S~+f)-SI(St+~)-s2(s2+1)] (15) 

where Sr has allowed vaIues S, f S,, S, + S, - 1, . . . I S, -S, f. When thus and Eqn. 
1 I are applied to the case S, = S, = *, we obtam the Bleaney-Bowers equation’ g 
which describes the magnetic properties of a large varrety of dJmerJc complexes 
in which the metal atoms each contam one unpaired d-electron, e-g complexes 
of copper(B) 15~17~19~23~25~28~44~51~53~69, ~x~~a~adi~m(rV)l6~17~70, titanium 

om)" and probably iron(JH)16s17*72-80 and moIybdenumOr)16g17~8’~82. For 
other bmuclear complexes, the magnetic propertres are obtamed sirmlariy, usmg 
the appropriate values of S,, S, and Sr m Eqns. 15 and 11, but the calculation 
is trivial and the detads not worth hstmg here, though data have been given at 
length elsewhere 83 A variety of transitron metal complexes known or believed . 
to be drmeric can be described more or less well by the above caiculanon, e g. 
CuJr-NI” (d’-&‘), S, = +, S, = f 84, NrJ-Nr” (d8-ds), S, = S, = I 85- p3, 
W”‘-WV, S, = 4, S, = $ (or Wiv-W”, S, = S, = 1)Q4, CJ.J”*-CO~~ (dg-d7), 

S, = t, s2 = 3 84, Cut’-Fe” (d9a”>, S, = 3, S, = 284*95, Cuil-Mn” (dQ-d5), 
S, = +, S, = 9*4*88-Q*, Co"_Go" (d'_d'), S, =3 $2 = 985*88-Q*, C'"*-Cr"' 

(d3-d3>, S, = S, = + 96-99, MO”‘-MO”’ (&_#), S, = S, = 3100, Fe”‘-Co” 

(d’-d’), S, = 3, S, = 32 84, Mn’*‘-Mn”’ (d4-d4), S, = S, = 21°1, CrJJ_.CrJJ 
(d4-d4), S, = S, = 2 lo’, Fe”-Fe” (d6-d6), S, = S, = 21°3, Fe”‘-Fe”’ (ds-d5), 
S, = S, = p4.107, and Mn”J-Mn” (ds-d5), S, = S, = 3”‘. We ~111 return 
later to some cases where the theory does not apply too well. 

When n = 3, Eqn 14 gJves 

+S23@23 + 1) CJ13 -J23] + J,,S,& i- I)-+ 

+s2(%?-f-1) CJ12+J23 -Ji3f +J2&(s3 fl) (16) 
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When two or all three of the J,, in Eqn. 16 are equal, the allowed values of S, 
and of one of the S, (whichever does not cancel) are given by the vector coupling 
rules, (9). However, in the completely general case (none of the JI, necessarily 
equal) not all the allowed values can be Bven unambiguously, and the problem 
cannot be solved by the extended Kambe approach. We will examme the reason 
for this, and how to overcome it in Sectxon E. 

Fortunately, symmetry considerations in many trinuclear complexes permit 
adequate simplifications of Eqn. 16. This IS Illustrated by Kambe’s complexes 

(above) and by a series of complexes of type 1, containing interacting metal atoms 
at the comers of an lsosceles triangle 2 42*51-53~10g~110. Since the positions of 

M'(ClC& - I- H20 

1 2 

the interacting atoms are undefined in the above equation, the atoms in a given 

symmetry may be numbered arbitranly m any convement way. The series where 
M = Cu and M’ is some other transition metal, has been most closely examined. 
From the symmetry we have J12 = J13 = J; Jz3 = Jcucu; and S, = S,, S, = 
S3 = f. Eqn. 16 then reduces to 

JUST) = -JS,(S,+~)+S,,(S,,+~)[J,,-JJ,,I+J~,,(S,+~)+~J~~C~ (17) 

where the allowed values of (S,, ; ST) are (1; S,+ 1, S,, S, - 1), (0; S,,) from 
(9). Apphcatlon of Eqns. 17 and 12 now yields for the magnetic susceptlbdity of 
these complexes : 

Ng2B2 4 4 

xlri = r C a, e-ErfkT 1 C b, esEftkT 

where 

a, = 

a2 = 

a4 = 

m= 

tc1 i=l 

m-4 

*co &f----_)2 

a3 = mg4 (S,f-q)2 
q=o 

m 

,go (SM+l+4)2 
2&-l-2 

bl = m-3 El = mJ-&3Jcucu 

b, = b3 = m-1 E2 = =-4Jcucu 

b4 = m-f-1 E3 = itJcucu 

E4 = (2--m)J+3JcUcu 

Coordin Chem. Rev., 5 (1970) 311-347 
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FIN 2 Temperature dependence of the reduced molar susceptrbrhty xhr’ (= -x.&~) of the 
system CuNiCu, where JCuNi = JNlcu = J, and Jcucu has the four values Jcucu = 0, 0 4J, 0 8J 
and I 2L In the four curves shown here the value of J is taken as -50 cm-‘. 

Frg 3. Temperature dependence of the inverse magnetic susceptibihty ,Y~,-’ for trinucIear com- 
plexes containmg the groupmgs CuCoCu (cisd’-&‘), CuFeCu (dg_ri6-&‘), CuMnCu (d9-&dg) 
and CrCrCr (dJ_d3-&) The curves are calculated from Eqn 16 usmg the J valuesgiven; 
~3 (CuPHA),Co(ClO& - 3Hz0, Jcsco = -24 cm-‘, Jcucu = 0, o (CuPS)2Fe(CI0.& 2H20, 
J FcCu = -15 cm-‘, Jcucu = 0; A (CUPHA)~M~(CIO.& - 3Hz0, Jhrncu = -30 cm-‘, Jcuc, = 0, 
l [(Hz0 - Cr)aO - (CHsCOO)s]Cl 6H,O J12 = J13 =Jz3 = -15 cm-‘, PHA = N,N’-I,3-pro- 
pylenebrs(o-hydroxyacetophemmme), PS = N,N’-1,3-propylenebrs(sahcylaldnnme) 

When the central metal M’ in 2 is octahedral nickel(II), (d8, S = 1) and J IS 
negative, the ground state is S, = 0. Thus, the susceptrbility passes through a 
maximum at some temperature and is expected to tend to zero as temperature 
decreases (Fig. 2). In other cases, where the ground state is non-zero, curves of 
the same general shape are obtamed (Fig. 3). Curves of thus shape, differing only 
in minor detarls such as slope, are in fact obtamed generally for antiferromagnet- 
ically interacting clusters of paramagnetic metal atoms wrth a non-zero ground 
state. 

The same calculatron apphes to trlmerrc mckel(II) acetylacetonate’ l l J l2 
3 in whrch three octahedral mckel(lI) atoms arranged hnearly interact ferro- 
magnetically (i.e. J positive)‘7a45P46. Substituting into Eqn 16 we obtam 

E(S,) = -JST(ST+1)+S23(S23+1) [J-J’-Jf4J’+2J (18) 

Here S, = Sz = S, = 1 so that the allowed values of (S,, ; ST) are (2; 3, 2, l), 
(I, 2, 1, 0) and (0; 1) respectively. Comparison of the calculated (Eqns. 12 and 
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3 4 

18) and expenmental xhf values down to 4 3 “K leads to J = 26 cm- 1 and J’ = 
-7 cm-’ (Refs. 45, 46). This complex was the first well-documented discrete 
ferromagnet, though simdar behavlour has been suggested in other trinuclear 
nickel0 complexes52*113. Ferromagnels, m which only nearest neighbour 
interactions are important, have previously been observed- (NH&CuCl, - 2Hz0 
and its analogues -but the interaction IS weak (Z!‘, = 0.7 “K) and extends over a 
three-dimensronally infinite lattice rather than a discrete clu.ster”4*11 ‘. Discrete 
ferromagnetism also seems hkely 1x1 some bmuclear copper complexesz3. 

FVIzen n = 4, Eqn. 14 becomes 

Ji2 = J,, = J34 or J13 = J,4 = J24 

the allowed values of S, are given by either 

(20) 

&3+s24, &3+s24-I,-- IS13-s241 

or 
s12+~34.s12+s34-~~---~&2-~34i 

where the S, are given by the coupling rules (9). When condition (20) is not 
satisfied, the allowed values of S, cannot be given by vector couplmg, a difficulty 
also noted above when n = 3 and all three Jz, are different. 

In particular, when four identical paramagnetic atoms lie at the corners of 
a tetrahedron (all S, = S, all J, = J), Eqn. 20 reduces to’7g’2 

E(S,) = -J[S#,+l)-4S(S+l)] (21) 

A complex for which Eqn. 21 may be appropriate is [Cu40Br,(C,H,N)4]“6 
(where C,HsN is pyridine). Thus complex was postulated to contam bridging 
bromine groups, a bridgmg oxygen, and four copper atoms whose environments 
appear to be quite similar. A structure containing two pairs of identical coppers 
bridged by a two-coordinated oxygen was therefore considered possible, but 

Coordin Cfiem Rev., 5 (1970) 313-347 
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comparison with the storchrometrically analogous complex [Cu,OCl,(OP- 
(C,H,),LI’l ‘*” ‘5 5, suggests that [Cu,OBr,(C,H,N),] IS also hkely to contain 
a tetrahedral arrangement of copper atoms. The magnetic properties of both 
complexes have been investrgated 17*84*11g and wdl be drscussed below. A series 
of analogous Cu,OX,L, complexes’20*‘2’ is presently under investigation”‘. 

Eqn. 21 IS also apphcable to the cubane Nr,O, skeleton of [Nr(OMe)sal- 
(ROH)], which has been shown to contain four mckel(II) atoms at the corners 
of a tetrahedron which acts as a drscrete ferromagnet (J positive)123*124. 

For four identical paramagnetic atoms arranged in a square (or a tetra- 
hedrally dtstorted square, Dzd), Jlz = J, 3 = J34 = J14 = J and J, 3 = Jz4 = J’ 

we havel’ 

E(S,) = -JS,(S,+l)+(J-J’) [Ss,,(S,,+1)+S~4(S24+1)]+4J’S(S+1) 
(22) 

The analogous equation for a more unusual arrangement of four identrcal 
paramagnetrc atoms has also been given: a rhombus 6 correspondmg to the 

MeOH MeOH 

MeOH MeOH 

6 7 

postulated structure, 7, of the complex Cr(OMe)Cl, - CH30Hlz5. We obtam this 
equation by putting Jlz = Jz3 = J34 = J14 = Jm Eqn. 19: 

E(S,) = -JST(ST+~)+(J-J~~)S~~(S~~+~) 
+(J-J,,)S,,(S,,+1)+2(J,,+J,,)S(S+l) (23) 

Although complex 7 and its iron and vanadium(III) analogues exhrbit 
magnetic properties compatrble with Eqn. 2350*12s, these data alone cannot 
discriminate umquely between 7 and a number of other possible arrangements 
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of metal atoms (Se&Ion F). Because of the msolubdity of the complexes, molecular 
weight determinations and the formation of crystals for X-ray study are ruled 
out, but structure 7 IS not unreasonable from analogy with the known structures 
of [TiOCH3] and [TiOC2H5].+126-128. However, Eqn. 23 is definitely apphcable 
to the [Cr,(OH),(en),] 6 + cation, which is known to contain the arrangement 6 
of metal atoms47-4g. 

Except for very speciahsed cases such as those leadmg to Eqns. 21-23, 
exchange interactlons m a discrete tetramer of paramagnetic atoms cannot be 
described by an extended Kambe approach. This difficulty increases as the number 
of interacting paramagnetic atoms increases. When n = 5, Eqn. 14 reduces to an 
equation analogous to Eqns. 16 and 19, and for the special case of a perfect trigonal 
blpyrarmdal arrangement, 8, of identical interacting paramagnetic atoms (all 
angles 2, J45 = J’, all other J‘, = J, all S, = S), this equation reduces to 
E(S,) = - JS,(S, + 1) + S,,(S,, + l)(J- J’) + S(S+ 1)(3 J+ W’), which does define 
a unique set of energy levels. When n 5 5, suitable equations for E(S,) are obtamed 
by substltutmg in Eqn. 14, but agam, for nearly all physically probable arrange- 

(2) (5) 

(1) 4 (3) 

ments of paramagnetic atoms, the equations cannot be evaluated because the 
allowed values of the various spm states cannot be gven unambiguously. Sub- 
stitution of a few simple numbers into vector couplmg rules of type (9) ~111 
quickly show that if S, = S,, + S, + . . , we may simultaneously evaluate S,, S,,, 
S IJ, . . ., and hence E(S,), provided that no other (non-independent) spin quantum 
numbers such as Slk, SJL etc. are required. For example, when n = 3, we can use 
S, together with not more than one of S12, Sz3, S,, in Eqn. 16 and when n = 4, 
either of the pairs (S12, S,,) or (S13, S,,) but not both, may be used in Eqn. 18. 
In general, if n 2 3, the eigenvalue Eqn. (14) can be applied only ti we can equate 
to zero, or to each other, sufficient of the Jli to remove all non-independent S, 
from the equation, and this requires an Increasingly symmetrIca arrangement of 
the paramagnetic atoms as n Increases. The difficulty arises because of mixing 
of wavefunctions with the same S, value; this ~111 be discussed in Section E. 

It is now apparent that while the extension outlined above of Kambe’s 
theory IS very useful in a number of cases, it becomes mcreasmgly limited m 
apphcabllity when the number of paramagnehc atoms in a cluster increases beyond 
2, and It cannot be applied to the general case. It is therefore desirable to evolve 
a completely general treatment, which would permit complete freedom of choice 
in the magnitudes of the exchange mtegrals of J, between pairs of spins S, and 
S,, where none of the J,] or S,, S, need be equal. 

Coordm. Chem. Rev., 5 (1970) 313-347 
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E. GENERAL TREATMENT OF EXCHANGE INTERACTIONS IN DISCRETE CLUSTERS OF 

PARAMAGNETIC ATOMS 

The procedure for the general calculation of exchange interactions is quite 
straightforward. Begmning agam with Hersenberg’s theory of ferromagnettsm, 
and assuming non-degenerate ground states, we rewrrte Hamiltonian (6): 

a?=-2 i J,,% - Sj 
jsr=1 

= -2 : J,,b%,S,_ -+-3S,_S,, +S,,S,,l (24) 
j=-r=l 

operate on the wavefunctlons tik = 1 S,, it&, ; S,, MS2 ; . _ . S,,, MS,, > , determine 
the matrix elements <tik 1 X 1 +br>, k = I and k # Z, and diagonal&e the resulting 
matrix. The elgenvalues fZ(S,) are then given by the dragonal elements of the 
matrix, and these are substituted into Eqn. 12 to obtain the magnetic susceptrbrhty. 
Note that m each case 

MS, = ,g Msl 
Usmg this techmque, it IS posstble to calculate the magnetic properties of any 
gtven interacting cluster. For sunple systems, the dlagonahsation of the matrix 
is carried out by simple algebra, but when large matrices are involved it is more 
expedtent to use a computer and a standard eigenfunctron-eigenvalue program. 
The use of this general procedure IS best demonstrated by example and illustrative 
calculations are given below for simple systems. Anisotropy of the exchange 
integral can be allowed for by multrplymg Hamrltonian (24) by an isotropy 
parameter yz, and adding terms in (1 -y,,)J,,S,,S,Z [c$ Hanultonian (5)], so that 
the mathematics for anisotroplc interactrons IS amply illustrated by the treatment 
of rsotropic (Heisenberg) exchange given in this section. The anisotropic treatment 
should be used with cautron , since m the absence of direct evidence in favour 
of anisotroprc mnteractlons, it is hkely to do no more than introduce an unwanted 
set of parameters yzP 

The case S, = S, = 3 IS trivial, and Harmltonian (24) plus the term g/?HS, 
leads to the matrix 

I w 

<t&l -;Cnm 

<42 I 0 

I 42) I rbs> I 44) 

0 0 0 

J 
-- 0 

2 
0 

0 
J 

-z-g/3H 0 

0 0 
3J 

2 



MAGNETIC EXCHANGE IN POLYNUCLEAR METAL COMPLEXES 327 

where, to srmphfy the algebra, the wavefunctions are in the form (Sr,M,,), and 

91 = (191) = 133> 
$2 = (190) = &(I +--+>+I--t 3>) 
43 = (L-0 = i-3-3> 
44 = C-80) = &(I 3-3>-l-33>) 

In each case wavefunctions with the same Sr are given by the relation S_(Sr, 

W,) = k(Sr, MST- l), where k IS a normalisation constant, and wavefunctrons 
wrth different Sr values are obtained from orthogonality condrtions. The above 
matrix leads immediately to the well-known Bleaney-Bowers equation, whrch 
describes the magnetic propertres of copper acetate and many other bmuclear 
complexes 15-17.19.23.25-28.44.51-69 

. 

Next we consrder a shghtly more comphcated case, stall with n = 2; M,, = 3, 

MS, = 1. Proceedmg as outlined above wrth Hannltonian (13), we obtam the 
eigenfiinctions and eigenvalues E(S,) hsted in Table 1. The eigenvalues are readrly 
checked by comparrson wtth Eqn. 15 and the appropriate magnetic susceptrbrlity 

TABLE 1 

EIGENVALUES AND EIGENFUNCTIONS FOR BINUCLEAR COMPLEXES WlTH &=$, &=I 

Elgenvalaes E(Sr) Etgenfunctrons 

-3J (3, 3) =131> 

(% 9) =&I51>+&40> 

(3, J2) = XQiI -t I>-!- v$t&o>+ &p-l> 

(3, -3) = \: I t -l>+dzI -1o>+&I -91> 

(3, -3) =&I -3 -1>+ &I -so> 
(3, -8) = l -3 -l> 

2J (9, $9 =t?ilIl>- mw> 

(3,3)=2T&I)-l>-I * I -w> - \‘z i 3-l> _ 

(3, -3) =&I -3 -l>- \@I -qo> 

5J (3, 3) =+&I -H>-2JZIw>+ &H-l> 

(43 -31 = +p -I>-2&I -*()>-I- $G I -3 1> 

Coordm Chem Rez , 5 (1970) 313-347 
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equation is obtained by substitutron in Eqn. 12. An example of a complex to 
which this situation would appiy could be obtained using “metal complexes as 
,jgan&“44,~l-61 although none has been reported as yet. The waveftmctrons, 
eigenvalues and magnetic susceptrbilities of all other interacting binuclear complex- 
es are obtained similarly. 

FWzen PZ = 3 and S, = S, = S, = & (e.g. trmuclear Cu”), the wavefunctions 
for the positive MS values can be wntten 

G>B = &<I 33--3>+13-3$>+I--333>) 
(43 3, a) = &<I !I_)-3>-I&-33>) 
(353, b) = &I 3&-&>+I +-33>-2 I-!E!r%>) 

The wavefunctions for the negative Ms values are obtained by changing the srgns 
of all the MS values in these equatrons. Operation wrth Hamiltonian (23) on these 
wavefunctrons leads to off-diagonal matrrx elements between (+. 4, a) and ($,3, b) 
as well as between the corresponding negative MS values (3, -3, a) and (3, -3, b)_ 
Diagonahsation of the matrix gives the elgenvalues EC&) listed m Table 2. These 
can no longer be checked against Eqn. 16 since that equatron no longer applies, 
but if we equate any two of the J‘, to each other, the ergenvalues in Table 2 

TABLE 2 

EIGENVALUES FOR GENERAL CASE OF TRINUCLEAR COMPLEX WITH (Q) s, = & = & = 3 AND (b) 

& = SM, s, = s, = * 

Total spm Sr ElgenvaluesE(&) 

General case Case where 
JIZ = Jxa = J, Jz = Jcucu 

(4 
3 
+ 
+ 

@I 
sffl 
S&f 
SM 
SW-1 

~111 correspond to those obtamed from Eqn. 16 for the same srtuatron51 - 5 5. 
Substitution into Eqn. 12 now leads to the theoretrcal magnetic susceptrbrhty xM 
for any trinuclear complex with S, = S, = S3 = 4, and the correspondmg Bohr 
magneton number (per metal atom), I’,~~, which has been given previously23* 52.53 

9 
l&f = 2 C(e- A+B+e--A--B+10eA)/(e-A+B+e-A-B+2eA)~~ (25) 
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where A = (J12 -I- Jz3 + J1 ,)/2kT, B = X,ikT, X is defined in Table 2, -and flLrff is 
related to xM by Eqn. 26: 

PL,ff2 
3kT 

= yxhf 
NB 

= 7.994 xfif,rT 

Eqn. 25 is the general equatton23*51*53 d escribmg the magnetrc properties of 
various kinds of trinuclear complexes 51-55912g. The same calculation for S, = S, 
(which may have any value) and S2 = S, = 3 yrelds a similar set of ergenvalues, 
also listed in Table 2. As before there are off-diagonal elements between two 
wavefunctions corresponding to two rdentuzal values of Sr (Sr = S,), and between 
the analogous wavefunctions obtamed when MST IS negatrve. rn each case, rf two 
of the Jg, are held equal, the E(Sr) values are the same as those previously obtained 
from Eqn. 12 or 1651-55. 

Wizen n = 3 and S, = S2 = S3 = I, this calculation gtves the eigenvalues 
hsted m Table 3. If we equate two of the exchange mtegrals, J12 = J23, we obtain 

TABLE 3 

EIGENVALUES AND EIGENFUNCTIONS FOR THE GENERAL CASE OF TRINUCLEAR COMPLEXES WITH 

SI = s2 = s3 = 1 

Elgen#hcttons 

(S, MST) 

Etgencalues 

General Case Case where 
Jt2 = Jlj = J, 

Jz3=J 

(3, MST) E3 = -2(J12+Ja3-!-J23) -4J-2J 

(2, MST, a) E2” = -2(J~22+J132+J232-J12J13-J13J23-_r12J23)* -2Jt2J 

(2, MST, b) Ezb = 2(J~22iJ,~ZS-J23Z-J~2J~3-J~3J2~-J~:J~3)f 2J-2J’ 

(1, MST, a) E,” (* see footnote) 4J 
(1, MS,, 8) Ef (* see footnote) 2J+2J 
(1, MST, s) El8 (* see footnote) 65--u’ 
(0, 0) EO = 2(J12+J13+J23) 4Jiz.r’ 

l E15 Ed’, EId are gwen by the three roots of the equation -E3+4(J12+J13+J23)E2+ 
+4(J,z2+Ju2+Jm2- sJ12J~.-5J,tJ23-5J,,J23)E+16(-J,23-J133-J233+J,22J~3+ 
+J1+J232+J1+2J+~-tJ11J+32+J132J23+J~~J,~2iJ12J13J23) = 0 

the ergenvalue prevrously calculated for trinuclear nickel(U) acetylacetonate’7s41. 
The extension of any other system containing three mteracting paramagnetrc atoms 
is now trivral. 

The same calculation for the tetranuclear case (n = 4) where S, = S, = 
S3 = S, = 3, yrelds the eigenvalues listed in Table 4. These eigenvalues are 
readrly checked by equating appropriate J,, values to each other to permit com- 
parison with the special cases, Eqns. 21-23. The results of a calculatron of this 

type 51 l s3 for the case S, = S2 = S3 = S, = 3 with the simplificatrons J13 = J2.+ 

and J23 = J14, have been gtven recently 13’, but its applicabihty to the system 
under consideration68~‘31 remams to be demonstrated, and will be drscussed 
below. 

Coordm. Chem. Rev., 5 (1970) 313347 
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TABLE 4 

EIGENVALUES AND EIGENFUNCTIONS FOR THE GENERAL CASE OF TETRANUCLEAR COMPLEXES WITH 

S,=S,=S,=S,=& 

Elgenfunctlons Elgemalues 

(22 MS,) 

(1, MS,, a) 

(1, MS,, b) 
(1, MS,, c) 
((LO, a) 
K&o, B) 

E,= -8 5 J,, 
J>I=i 

E,” (*see footnote) 
Elb (* see footnote) 
ErC (* see footnote) 

Eo= = ~(J13+J23+J14+J24)+tX 
E,’ = t(J,,+J23+J14+J24)-~X 

X = (JI,-JI~-J~-J~~+J~~-~(JI~J~~-JI~+J~~ 

*El=, El’, El’ are given by the three roots of the equation 
-E3+aE2+bE+c = 0 

where 
4 

a = -1 c J,, 

b = 5 5 J,,2-+ 5 5 J,,J,k+ 2 5 J,JJ,k 
J’Z=l J>t=l.t>J=2 J=-r=lk=-r=2 

k=-J 
4 4 4 4 

k>r k=-r l#j 
4 

c=s c JI,~--; 
JsZ=l 

J $t, l >$= 2 %J.u2 +JI:Jd 

-it 5 (J,JJJk2+JIJ2JJk+J,JJlk2+JiJ2r,k+J,LJJk2+Jlk2JJ3 
k>J=-I=1 

d 

+% 2 Jt.,J,kJ,l 
Jnk*:” ’ = 1 4 2 4 4 3 

-7 g J +F. i k ,T= 2 (JaJJdJ3’+,g Jz2 ,z3 ,z, JIJJaJM 
-- 

i, I not both = 1 
J,knotboth=4 
ifj=iork,I#j 

It is apparent that the expressions rapidly become more cumbersome with 
increasing complexity of the system under consideration. For systems more 
complicated than that in Table 4, rt is preferable to give the spin-spm interactron 
matrix rather than the eigenvahres, and to obtain the eigenvalues numerically 
from the matrix via computer methods. Fig. 4 gives the energy level diagram, 
obtained from Eqn. 19 for a particular set of values of the Jil in the case S, = 
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.’ 
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--_ --- 
(II (II) (III) (IV) 

Frg 4 Energy levels resultmg from antiferromagnetrc mteractron m a cluster of four mteractmg 
paramagnetic atoms, each wtth spm S = 3. (i) Zero interaction. (n) Equal interaction, all J,, = I, 
as for a tetrahedral array, Eqn. 21 (III) Two drfferent mteractions, Jlz = Jz3 = Ia4 = J14 = J 
and .lia = Jz4 = J, as m a square or D 2a array, Eqn 22. (iv) More general case Ieadmg to a 
complete removal of degeneracy in the energy level, J r2 = Jj4 # J13 = Jz4 f J14 f Jz3 For 
clarity, the levels (iv) are shown m mcreasing length from Sr = 0 to Sr = 6 Each of the levels 
(IV) sphts into 2Sr+ 1 equally spaced levels under the influence of an external magnetic field. 

S, = S, = S, = 3, which is probably applicable to tetranuclear cobah 
acetylacetonate17.‘32*‘33 and tetranuclear cobalt(E) oxypivalate’34. 

It is now clear that the interaction matrnc can be set up and solved for any 
conceivable finite interacting system. Given the structure of an interacting cluster 
of paramagnettc atoms, s&able J values can be chosen and the posstble types 
of magnetic properttes may be predicted (and the magnetic properties that are 
tmposstble may be delineated). Alternatively, given any experimental xM or ,v,, 
nr. Tcurve, we can reproduce it theoretically from a calculation of the type outlined 
above, using surtable J curves. In fact the danger now is one of overparameterisa- 
tion. Given a free choice of n, the number of interacting paramagnetic atoms 
m a discrete cluster, and the magnitudes of the J,, it is often too easy to obtain 
fits to experimental data on an unknon~~ system. For some types of experimental 
magnetic curves there is no finite limtt to the number of combinations of J values 
that can be used to fit the data. Thts is especially true when expenmental data 
show no characteristic features, such as when an unknown system shows little 
devtation wtthin experimental error from a Curie-Weiss law value over the temper- 
ature range of measurement (usually 80 “IS and above). 

Coordrn Chem. Rev, 5 (1970) 313-347 
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Thus structural postulates, based on the fit of experimental magnettc data 

to values calculated from the theory, are often of doubtful validrty unless other 
evidence is avadable to ehmmate some of the possibihties. It is very important 
that the extent of apphcabllity and the limitations of the theory, and the kinds 

of approxrmatlons made, are well understood before the theory is applied- Un- 

fortunately, this has been Ignored m a large number of cases already. 

F. LIMITATIONS AND APPLICABILITY 

(i) Orbrtal contrrbrction 

The Hamiltcnian (24) specifically excluded a spin-orblt coupling term, as 

indeed have most discussions of antiferromagnettc mteractions. Thus Eqn 12, 

combined with the appropriate E(Sr) values, for mteractmg clusters of para- 
magnetic metals, is equivalent to a Curie law (Section D) value of the magnetic 

moment 

kff = g JS(S+l) (27) 

for a mononuclear complex. This seems very incongruous when most calculations 

of magnetic properties of mononuclear complexes of the same paramagnetrc 
metals mcorporate spin-orbit couplmg, and (27) is considered inaccurate in many 

cases ’ 6*21*22. There is abun lant evrdence that the approximatrons used m con- 
srdering exchange mteracttcns lead to satisfactory agreement anyway, but the 
question of why it works IS relevant and :mportant enough to be asked at this 

stage. The answer is two-fold Firstly the relative magnitudes of the effect of 
exchange interactions and spm-orblt coupling are often such that only the mter- 
action matters. For orbitally non-degenerate states [for octahedral (0,) and 

tetrahedral (7”) this includes A,, AZ and E states, I e. 0,: d3, hrgh spm d4 and 

d5, low spur d6, d7, d’, dg; Td: d’, d2, low spin d3 and (i4, high spur dG, d7; for 
Dzn this includes A,, At, B, and B, states] the magnetic moment can be represented 
by Eqn. 27 so that Eqn. 12 may be applied immediately to mteractions between 
paramagnetic atoms with such ground states. In such cases, the constant g, 
calculated from first principles, incorporates the orbttal contribution. If g IS not 
calculated it should be measured independently, or, if used as an experimental 
parameter to fit experimental magnetic data, constrained to values that are realistic 
for the system under consideration. It is clear that this has not been done m 
general (e g. some refs. given m Ref. 15). For orbitally degenerate states spin-orbit 
couplmg 1s more important; one such case 1s shown schematically m Fig 5 where 
a ground state with a temperature-dependent -moment (an orbitally degenerate 
state) IS considered together with the temperature dependence expected if a metal 
with this ground state forms part of a binuclear interacting system. This would 
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i 
0 

Fig 5 Temperature dependence of molar susceptlblhtles for mteractmg pan-s of ions with orbi- 
tally degenerate ground states, usmg 2J = c/5 (2J = singlet tnplet separation) The curve shape 
doffers slgmficantly from that of the regular Bleaney-Bowers type, indicated by the broken 
curve. The difference is here maxinused because no account has been taken of distortIon from 
cubic symmetry or of metal-hgand bonding effects in a real system the effect is generally expected 
to be smaller than suggested by the figure 

apply specifically to mteractlon between two tetrahedral copper or octahedral 
iron(III) atoms, but the extension to other more complicated systems IS obvious. 
In the re@on where the effect of the exchange interactions is significant, the 
orbltally degenerate state is only partly occupied, thereby further reducing the 

importance of orbital contribution. The exact importance could be calculated 
using terms Cl, - s, added to Harmltoman (24) and operating on the wavefunctions 
dlagonalfsed for electrostatic and crystal field interactions, but the figure indicates 
approximately what effect this has, and it is clear that deviations due to spin-orbit 
coupling are generally relatlfely small Detailed calculations of this effect are bemg 
carried out’35. 

The second reason why orbital contributions can often be ignored m 
interacting clusters is that the very nature of a discrete polynuclear complex 
implies distortion from the perfect nominal symmetry (e.g. octahedral or tetra- 
hedral) that might otherwise be expected to exist around the metal atoms. Even 
m apparently symmetrical complexes such as cobalt@) acetylacetonate in which 
the desire for octahedral symmetry about the metal appears to be the drivmg force 
for the formation of the cluster, single crystal X-ray studies indicate considerable 
distortion from octahedral symmetry 133. Distortions from formal symmetries have 
been considered in some detai17~‘6~2’~22~66~‘35~143, and could beincorporatedin 
an exact calculation by adding a term alliz +E~(Z~~ +-I,‘) to the Hamiltoman. In 
most cases, even in mononuclear complexes, not enough is known about the 
detailed electronic structure to put very useful values on eII and eI_ The general 
effect of such distortion 1s to reduce the temperature dependence, thereby bringing 
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by the two r models. Using the tetranuclear model, strong ferromagnetic couplings 
(J = 134 cm-‘) must be postulated between atoms 1 and 4, and between 2 and 
3. Although there is good evidence favouring the existence of discrete ferromagnetic 
interactions in various systems, direct evidence is required before such a postulate 
can reasonably be made m this case14g. 

(ii) Temperature rndependent paramagnetism 

A further correction frequently made to some mteractmg systems IS the 
temperature independent paramagnetrsm, Na. When second order Zeeman 
splitting lowers the thermally populated levels by a constant amount? the expected 
susceptrbility 1s increased by a constant amount. When calculated empirically, or 
constrained to a reasonable value, Na IS a useful correction to the magnetic 
susceptibtlity equation, but it should not be used as a vanable parameter, as has 
frequently been done. This constant can be added to ail the magnettc susceptrbthty 
equations described here 

(III) Varrous J values 

Wrth the hrmtatrons just discussed, we can use the method of Section E 
to describe the magnetic properttes of an interactmg paramagnettc cluster of 
known structure. A good example IS the theory for tetranuclear cobalt(n) acetyl- 
acetonate, of known structure132*133, whtch cannot be handled by an extended 
Kambe theory. The magnetic properties of this complex have been published m 
part (pen = 5.11 B.M. at 295 “K, 5 56 B M. at 96 “K (max.), and 2.49 B.M. at 
1.5 “K), and the possibrhty of competing ferromagnetrc and antrferromagnetic 
interactions has been rarsed’ ‘. The maximum moment of 5.56 B.M. seems too 

high for any coordinated cobalt(lT) complex, even m extremely weak crystal fields, 
and IS therefore indtcatlve of a ferromagnettc mteractton. The sharp drop m 
peff at lower temperatures suggests an antiferromagnettc interaction. Calculations 
show that a combination of posittve and negative J values can reproduce the 
observed results. 

Determinations of an unknown structure from magnetrc interactions re- 
quires more care. Often the temperature dependence of the magnetism of an 
interacting binuclear complex IS sufficient to establish its structure’5-17g1g*20*68’ 
131~14Q**50~15’~152 tf the temptatron to use all of J, g and Na as parameters IS 
overcome. rn conjunctton with other evidence, trmuclear and tetranuclear struc- 
tures have also been correctly predtcted’ 7~18~32*35~48~4Q~10Q~110. In general, as 
the complexity of a multinuclear complex increases, the supporting evrdence must 
become increasingly specific. Where possrble, molecular werght measurements are 
highly desirable. It has been noted that the magnetic properttes of some chro- 
mium(III) methoxide complexes Cr(OMe)Cl, - nS (where S is solvent) are descrrbed 
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equally well by a dtmeric and a trimeric model over the temperature range avatl- 
able to measurement5 O_ The magnetic properties of the complexes of proposed 
structure 7 are simrlar, and show no charactenstic features such as maxima, 
minima or pomts of inflection. Simple calculattons show that the results can be 
fitted by an endless variety of structures other than 6 or 7, but which are strll 
compatrble with the other observed propertres of the complexes. In such cases, 
other data, and measurements over a wider range of temperatures (e g. down to 
hquid helium temperature) are highly desirable. 

(iv) Other errors due to Hamdtonian (6) 

Wrthm the hmrtations already discussed the treatment given here can 
adequately describe all drscrete interactmg clusters that have so far been reported 
in detad. However, the assumptrons of complete Isotropy of the exchange, and 
complete quantisation of the total spm of each paramagnetrc atom, implicit In 
Hamiltonian (6) need not be exactly true, although they appear to be good 
approxtmations. This should be kept in mmd when attempts are made to attrrbute 
deep theoretical srgmticance to small differences in magnettc propertres or J-values. 

The treatment of amsotropic exchange interactions m discrete systems was 
described at the beginning of this section together with the necessary precautions 
in using it. There is considerable evidence, at least in a number of infimte systems, 
for an essentially isotropic exchange [r nearly 1 in Hamdtonian (5)]“9’ 53 -’ 56 
and although other results can be interpreted m terms of amsotroprc or isotroprc 
Interactions, the rsotroprc model was not ruled out 23~25~L56-1s8. The srgnificance 
of anisotroprc mteractions can only be estimated d the significance of the various 
other effects, such as spur-orb& couplmg, are known. To this end, more data (e g. 
as single crystal magnetic susceptrbrlity, ESR) wrll be reqmred than are at present 
avarlable 

We now consider a possrble non-quantrsed exchange system. Hamdtonian 
(6) represents interactions between paramagnetic atoms i, j each with strongly 
quantised spur S,, S,. In the specral case of some dunenc drthiolene complexes 
such as [Fe4S4C4(CF4)J2, It has been suggestedlo that Harmltonian (6) is 
inappropnate and that a model incorporating interactions between each pair of 
the extensively delocahsed unpaired electrons of the molecule gives better agree- 
ment wrth the experimental results-The detarled results are not yet available but 
the postrdate IS in agreement with the conclusrons that the most energetic valence 
electrons are highly delocahsed in such dithrolene complexes15g*L 60. This means 
that the Kambe approach fads to apply even m simple cases, and the general 
treatment (Section E) must be used, with S, replacing s,. Although the delocahsa- 
tion is singularly high in drthrolenes (so much so that conventronal oxrdatron 
numbers are inapplicable), the effect of the smaller delocahsation m most mter- 
acting pararnagnetic clusters may still make a finite contrxbution to the errors 
expected from the use of Hamrltoman (6). 



MAGNETIC EXCHANGE IN POLYNUCLEAR MEZTAL COMPLEXES 337 

Another factor that is usually ignored is the posslbllity that .i may have 
at least a shght temperature dependence 

G. EXCHANGE INTEGRAL 

Smce mathematically J is m the form of an orbital overlap, we would 
expect to be able to get some informatlon from the J values If the sizes, shapes 
and orientations of say the d-orbltals of interacting transition metals are known. 
1n real situations, these thmgs are usually quite unknown and the theory 1s ne- 
cessanly somewhat quahtative and ad hoc at this stage Nevertheless, it has been 
possible to make some generahsatlons and predlctions about various types of 
exchange. A lucid account of the present state of the theory has been gwen by 
Martin’ ‘, and the dlscussion here ~111 be confined to some contraversial points 
about exchange. 

It has been suggested that lmear M-O-M bridges lead to strong antlferro- 
magnetic interactlons, while non-linear bridges, such as in M<~>M lmkages, 
do not16’ . This would explain the absence of any detectable antiferromagnetlsm 
(Refs. 56, 161) down to 80 “K in the dimeric ~rJV’-ethyleneb~s(sal~cylaldlmine)- 
copper(1I) . 16’ However, the latter complex IS very weakly dimeric (mtermolecular 
Cu-0 distances are 2.41 A compared with mtramolecular distances of 2.0 A)‘“’ 
and it has been pointed outs6 that such weak Cu-0-Cu linkages have never been 
found to lead to appreciable antIferromagnetIc mteractlons, whde strong non- 
lmear M<~M linkages are responsible for strong interactions IQ many com- 
plexes 15*17S54. Thus, although lmear linkages do result m strong interactlons in 
some complexes, e.g. Ru-0-Ru in K,[Ru,OCl,,] - H,016’ and Fe-O-Fe77~80* 
163.L64, the comment IS by no means general. 

(i) b-Bond 

There has been much discusslon on the relative Importance of two mecha- 
msms for exchange, direct metal-metal bonding and superexchange, in copper 
acetate monohydrate, and hence in other related systems. Postulates have varied 
from a weak 6-bondI 5- ’ 68 or superexchange mteractions (via the hgands) 
between isolated copper atoms1gV16g, to a strong cr-bondl”, or a strong b-bond- 
ing”’ interaction, but there now appears to be general agreement that there is 
no direct metal-metal interaction, and the exchange interaction probably works 
through a superexchange mechamsm, while a weak S-bond is also hkely to be 
present, though the relative importance of each can probably not be determmed 
exactly 15*17D62’170*1 72-174. It is interesting to recall that when the b-bond was 
first hypotheslsed it was considered that “the bond is so weak that the configuration 
of the binuclear molecule can only be maintamed by the four bridging acetate 
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groups”’ es. High pressure susceptrbihty measurements indtcate that the metal- 
metal interactton is not strong, agam leavmg a &bond and superexchange as 
possrbrhties _ “’ However, recently this approach has agam been cntised and a 
strong metal-metal bond again postulated’ ’ 5, on the basrs of the metal-metal 
drstance (2.64 A). Usmg a model descrtbed prevrously176 Jotham and Kettle”’ 
obtained Eqn. 28 

P2d .mer = 6g’[3+e -2JtkT+2e-2Jt4kT cosh(2y/kT)]-’ (28) 

whrch IS claimed to give a better fit to the expertmental data than the Bleaney- 
Bowers equation 

P2a ,mec = 6g2[3+e-2Jlk=-j--1 (29) 

However, the improved agreement wrth experiment, the mam argument m favour 
of the model, is not sign&ant within expenmental error. The “much better fit 
at low temperatures” claimed for Eqn. 28 over Eqn, 29 seems incongruous, smce 
with the values used m Eqn. 28 (J = 327 cm-r, 2y = 381 cm-‘)’ 75 and m Eqn. 
29 (J = -283 cm-1)163, the two equattons should tend to simrlar values of 

P2d1mcr + 6g2[3+e30W-]-’ at low temperatures. In any case, the fit at low 
temperatures 1s not a good criterion for the validity of a model with a S = 0 
ground state, since the magnetism, and hence the experimental precision, are 
minimal at low temperatures, whrle the effect of paramagnetic impurittes is 
highest, so that even small traces of paramagnettc impurities can drastically alter 
the results’77-17g_ Other unsatisfactory features of the drscussron of Eqn. 28 
are the claim that no “best fit” procedure was needed to fit the results (c$ Ref 
115) although y and .J were obtamed from the fit to an experimental NCel point, 
itself a best-fit procedure, and the farlure to mentmn Dubtckr and Martin’s62 
proposal from spectral data that each of the two electrons involved m the exchange 
IS essentially localised on its own copper atom. This is diametrrcally opposed to 
the strong metal-metal bonding imphed m Eqn. 28 and cannot be dismissed 
without drscussion. 

Stdl more recently, Goodgame et al. 1 so have obtained direct experimental 
evidence against the significance of metal-metal bonding m bmuclear copper(H) 
alkanoates and hence against Eqn. 28, from a study of [N(CH,),] [Cu(H 
COO),(NCS),] and [N(CH,),] [Cu(CH, - COO),(NCS),], 10, which are both 
structurally 

g 
/Q 

,oo~c+C?\ 
--c / +\hc 

I 
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analogous to copper acetate monohydrate”‘, with NCS groups replacing H&X 
The formate complex exhibits a stronger mteractron (-W = 485 cm-‘) than the 
acetate (- 26 = 305 cm- ‘), yet it has a greater copper-copper separation (2.716 A, 
c$I acetate 2.643 A), a failure of J to correlate wrth metal-metal distance, whrch 
weakens the argument for the importance of metal-metal bonding. On the other 
hand, the total bond lengths (the ?superexchange pathway”) via the briding iigands 
is shorter for the formate, and this may be responsible for the reIative magnitudes 
of J. Metal-metal bondmg must be of even lesser Importance in complexes con- 
taming a CU<~>CU bridge 26.44,5X-63 68.69.109.110.131.150.151 

2 where larger 
metal-metal distances are observed, e g. 3 00 A in the copper complex of acetyl- 
acetone(o-hydroxyani1)68a13 ’ and 3.245 A for the copper chloride complex of 
pyridine N-oxide’ 51. Rather similar considerations can be applied to other 
polynuclear complexes. 

(Ii) Temperature dependence of J 

We have considered the effect of orbital contnbution, which in certain cases 
effectively results in a shght temperature dependence of g m the magnetic equattons 
(5), (12), (25), (28), (29) Another factor that must be kept m mind is the possrbrlrty 
that the exchange integrals may not be entirely independent of temperature* 9*1 *I* 
ls2. Although any temperature dependence IS not expected to be very great, 
and agreement with experimental results indicates that any such dependence is 
not very important, the possrbrhty adds to the approximatrons already inherent 
m the theory. The more closely the exchange integral is examined, the more 
refinement appears to be desuable. Thus, even when the use of a constant g value 
IS justrfied, before usmg small drscrepancres between calcuhted and experimental 
magnetrc data to support more comphcated models such as those described above 
and in Section F, the extent to whrch our approximate picture of the exchange 
integral leads to such drscrepancres should first be estimated. 

(iir) Magnitude of J 

We noted above that the strength of exchange interactions does not depend 
on the metal-metal distances in a number of related complexes, and that dnect 
bondmg between the metals is not important for such complexes, However, direct 
metal-metal bonding is important in (diamagnetic) complexes with very short 
dtstances between the metals. Examples of this are the diamagnetic alkanoates 
~frnolybdenurn(U)‘~~~~*~ ,rhemum(III)186-‘88 and rhodmm(IQ17*‘91 in which 
the short metal-metal distances (usually shorter than in the pure metals) are 
indgcatrve of multiple metal-metal bondsi7*i83-ig1. Strong metal-metal bonds 
are also found In bmuclear halide complexes of these metals and of technetium 
(Refs. 190-192). The ligand diazoaminobenzene forms binuclear complexes of the 
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first row transltion elements with very short metal-metal separations. In the 
nickel0 and copper(I) complexes, these separations are shorter than m the 
metals1 g3, and It 1s not surprising therefore that the copper complex IS dla- 
maonetlc’ g4. On the other hand, the dlamagnetlsm’ ” of binuclear chronuum(II) 
ace&e’ ’ 6 (with the same metal-metal separation as its copper@) analogue) is 
consldered to result from favourable orientation of the metal d,,-orbltals for 
overlap with the iigand z-orbltais, rather than strong direct bondmg’7s62. 

Systematic variations m J values in related complexes have been used to 
examme electronic effects, especially in binuciear molecuies’5V1 7*65V66*1 52, but, 
m view of the limitations dlscussed above, a much greater range of data seems 
desirable to evaluate the significance of the variations m J to build up a complete 
picture of the exchange mechamsm. In some cases, trends have only been observed 
in the room temperature moments65*66, and measurements over a temperature 
range are desirable before conclusions can be drawn with certainty. 

(iv) Limitmg J-values 

If -J is greater than about 600 cm- ’ m the Bleaney-Bowers equation (29), 
the magnetism 1s negiiglbie at room temperature. For a trinuclear copper(n) 
complex, it is found that if one of the J,, IS about -600 cm-’ or if two of the 
Jli are about half this magmtude, the lower lumtmg magnetic moment for anti- 
ferromagnetic interactions m such a system bcrr = g/2 B-M.) IS observed at room 
temperature 23V51. For a multinuclear cluster, the general effect of the various 
exchange interactions IS additive, as would be expected: several small JE, values 
have as great an effect on the magnetism as a few larger ones. 

If all JE, are equal, Eqn. 12 can be expanded further for small J or large T, 
giving a linear iimlting relation of XT with i/T, the gradlent of which depends on J 
For several J‘,, such a plot would be less useful since the gradient would depend 
on an averaged J-value. 

(v) Posrtive J-values 

Ferromagnetic mteractlons m discrete paramagnetic clusters are probably 
quite commonl7.23.44-46.52.113.123-124, b u could not be defimtely estabhshed t 

until recently45 because usually such interactions only alter the magnetic properties 
sigmficantiy at very low temperatures, where the moment tends to the upper 
hnutmg moment for the system beTf = g,/Srm(STm+ i), where STrn is the maxi- 
mum allowed value of S, for the system). Thus, in many cases the existence of 
ferromagnetism is very d&icuit to verify experimentally, as m complex 913 O where 
the situation is comphcated by the presence of known antiferromagnetIc mter- 
actions. In the presumed bmuciear complex [(4-nitroqumoiine N-oxide)CuCl,], 
(Ref. 197), J and g values of 200 cm-’ and 2.13 respectively lead to calculated 
moments in B M. of 2.14 (77 “K), 2 13 (196 OK) and 2.12 (300 OK) which compare 
well with the observed values of 2.14, 2.12 and 2.13 at the same temperatures2’. 
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FL OTHER MEASURJZMENTS 

The theory and experimental data discussed in the precedmg sections has 
pertained largely to magnetic suscepttbrlities, but exchange interactions in discrete 
systems can also be examined by other techniques, such as ESR’g*1s6*’ “* 
174*fQ8~208 and the Miissbauer effect76*20g-212. The same Hamdtonian (24) 
is added to those normally used for the calcufatton of ESR and Mdssbauer 
spectra 22*213. ESR data have been interpreted using a smular approxrmatton to 
that used for Frg 5, the Hamiltonian being the sum of the Hamiltonians of the 
individual magnetic atoms added to (24) and a magnetic dtpole-dipole interaction 
term between pairs of atoms. This approxrmation is reasonable in view of the 
other inherent appro~matlons (Sectton E), and drscussions have been given of 
the cases where the exchange Interaction is large compared wrth the dipole-dtpole 
interaction1g*202 and where it 1s sma11203~204. 

Mdssbauer spectra can help to Istingmsh between possible ground states 
of interacting metals, although the hmited informatron contained in powder 
spectrum of a complex, whose structure is unknown, requires that studies be done 
over a wide temperature range (e g. down to 4 “IQ Smgle crystal studies where 
possible are desirable. Thus rt should be possible to select the best model for a 
variety of linearly bridged iron Fe-O-Fe complexes wrth pCff < 2 B.M. at 
300 “K, which has been Interpreted in terms of interactmg paus of S = -f, S = 3 
and S = 3 atoms73-s*.163,164,209.210,215-22*_ The S =I 3 and S = 9 models 

require strong interactions, so that with pure spm models (Eqn 12) the highest 
attainable temperatures (below decomposition point) wrll stgnificantly populate 
only the lowest &S”r) levels, which are the same for both models. Thus no choice 
can be made from maguettc data lo7a21 6. For an accurate calculatron the pure 
spm model is qmte adequate for S = 3 (6AJ centres, but 1s less so for S = $ 
and S = 4, where the effect of spin-orbit couphng should be considered (together 
wrth that of dtstortion from octahedral symmetry, orbital reduction, etc.). Thus 
magnetic data allow no choice of S in general, although a g-value > 2.8 required 
to fit the magnetic data for [Fe2(terpy)20] (NO,), - Hz0 using the S = + model 
1s unreahsttc and suggests that the S = 4 model is inapplicable. For orbitally 
non-degenerate ground states only asymmetry of bonding (merent values of the 
orbital reductron factor for dtfferent metal d-orbitals) about the metal lead to 
Mdssbauer quadrupole splittmg, dEQ, so that the sphttings are expected to be 
smaller for S = Q centres than for S = 3 Or S = ~122.160.209-212.214.22~-2~4. 

The observed LIE@ values are in keeping with the asymmetry expected m the Fe- 
O-Fe compIexes20Q~2’o if S = 3, but mostly seem too large for S = 3 or S = 3 
centres, although it has been pointed out that the S = 3 model could still explain 
the results2*‘. Smgle crystal MSssbauer (and other) studies could be more con- 
clusive and are desirable, but it seems a safe prediction that the S = 3 ~111 be 
found correct. 

Coordm. Chem Rm ,5 (1970) 313-347 



342 E SINN 

A series of binuclear ferric complexes104-‘07*‘63~‘64 w&h FK~>F~ 

bridges (FeLX)2 (L IS a tetradentate Schrff base, X a halide or srmrlar group) 
agam have dEQ values m keepmg wrth the expected asymmetry, but the interactron 
is weak (.T - 10 cm-‘) and the magnetic data leave no doubt that the interaction 
IS between S = 3 centres84~210-212_ Th ese complexes exhibrt an asymmetric quad- 
rupole doublet wrth equal areas under the two peaks at liquid mtrogen temper- 
ature84g210-2’2, where the Sr = 1,2,3 states are populated. This 1s attnbuted to 
spin-spm relaxatron2”*212 225-227, [a fluctuating hyperfine magnetic field with 
an electrrc correlatron time comparable with the nuclear precession time for 
[ 3, & 4 b + 1 4, _C 3 > (notation 1 I, MI > for nuclear spin states of 57Fe) 
transitions, and fast enough for nuclei undergoing transrtrons to the 1 4, f + > 

excited states to expenence a zero average magnetic field]. At 4 2 “K where only 
Sr = 0 is appreciably populated, a sharp symmetrical doublet 1s obtained as 
expected, while at room temperature, the doublet still has its expected asymmetry 
but the areas under the peaks are no longer the same. The loss in area of the 
broader peak 1s attributed to the Karagin effect2’1*212*228-230. Smgle crystal 
Mossbauer studies are also bemg carried out on these systems. 

Intercompanson of results from various techruques will undoubtedly become 
of increasing importance m magnetically interacting systems. 

I. CONCLUSION 

Despite the preoccupation above wrth limitations of the treatment, it is 
possible to conclude on an optimistic note: we have shown that magnetic ex- 
change mteractrons m drscrete systems can be represented by sound models which 
can be treated easrly and exactly, unlike interactions in inflmte lattices. It is merely 
necessary to keep in mind the limitations imposed by the approximatrons made 
and by expervnental error. For fundamental investrgations of the nature of 
exchange interactions, therefore, the discrete paramagnetic cluster should generally 
be a much more useful object of study than the lattice ferro or antrferromagnet. 
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